In this paper we study rigidity aspects of Zoll magnetic systems on closed surfaces. We characterize magnetic systems on surfaces of positive genus given by constant curvature metrics and constant magnetic functions as the only magnetic systems such that the associated Hamiltonian flow is Zoll, i.e. every orbit is closed, on every energy level. We also prove the persistence of possibly degenerate closed geodesics under magnetic perturbations in different instances.
Introduction
Let Σ be a closed oriented surface. A magnetic system on Σ is a pair (g, f ), where g is a Riemannian metric on Σ and f : Σ → R is a smooth function (the magnetic function). Every magnetic system defines a flow on SΣ, the unit tangent bundle of Σ, as we now briefly recall: a smooth arc-length parametrized curve γ : I → Σ is called a (g, f )-geodesic, if it has geodesic curvature equal to f , that is, if it satisfies
where ∇ is the Levi-Civita connection, andγ ⊥ is the unit tangent vector such that the angle betweenγ anḋ γ ⊥ is π 2 (recall that g and the fixed orientation yield a well-defined way of measuring angles in each tangent plane, as well as an area form µ g on Σ). The flow on SΣ is given by φ t g,f (q, v) = (γ(t),γ(t)), ∀t ∈ R, where γ is the unique solution to (1.1) with γ(0) = q,γ(0) = v. Such a flow is of physical interest since it models the motion of a charged particle in Σ under the effect of the magnetic field f µ g . The Legendre transform provides a conjugacy between Φ t g,f and the (restriction to the energy level 1 2 of the) magnetic flow, that is the Hamiltonian flow on T * Σ defined by H kin (q, p) = 1 2 |p| 2 and the twisted symplectic form ω g,f := dp ∧ dq − π * (f µ g ), where π : T * Σ → Σ is the bundle projection. Moreover, for every λ > 0 the reparametrizationγ(t) := γ(t/λ) yields a correspondence between (g, λf )-geodesics and orbits of the magnetic flow contained in {H kin = 1 2λ 2 }. Hence, the magnetic flow can be seen as the collection {Φ t g,λf } of flows associated with the family of magnetic systems {(g, λf ) | λ > 0}; also we have a correspondence between high (low) energies and small (large) values of λ. After the pioneering work of Arnol'd [5] in 1960s, magnetic systems have received the attention of many outstanding mathematicians, such as Novikov, Ginzburg, and Contreras, among others. In particular, the problem of finding periodic solutions to (1.1), which we will refer to as closed (g, f )-geodesics, turned out to be extremely difficult, and many questions in the topic still remain open or only partially answered. We refer the reader to [7, 20, 23, 35] and references therein for an account of the main contributions to the closed (g, f )-geodesics problem, particularly for the case of surfaces. We shall recall that, in contrast with geodesic flows, magnetic systems present very different behaviors for different values of λ; see e.g. [1, 19] .
In this paper we will focus on the complementary problem, that is, in the study of systems (g, f ) whose flow (1.1) is orbit-equivalent to a free S 1 -action on SΣ, hence in particular for which all orbits are closed. free S 1 -action on SΣ, and hence defines a Seifert fibration of SΣ. It follows from [28, Theorem 5.1 ] that this must be the standard, regular S 1 -fibration (given by SΣ → Σ) . For Σ = S 2 , the celebrated Katok's example [13, 29] yields magnetic systems (g, f ) for which all (g, f )-geodesics are closed but whose flow on SΣ is only orbit-equivalent to a semi-free S 1 -action.
Zoll magnetic systems exist for every closed oriented surface and, as established in [14] , play a crucial role in local magnetic systolic inequalities: the minimal magnetic length of closed magnetic geodesics of magnetic systems close to a Zoll one is bounded from above in terms of a quantity depending only on the g-volume, the genus of Σ, and the integral of f over Σ, and the upper bound is attained precisely when the magnetic system is Zoll. Also, recently the first author and Benedetti [9] showed that integrable magnetic systems on the two-torus admitting a global surface of section satisfy a sharp systolic inequality (see [2] for a similar result for Riemannian spheres of revolution). For the applications of such systolic inequalities it is therefore crucial to gain a better understanding of the space of Zoll magnetic systems.
Until last year, the only known examples of Zoll magnetic systems were pairs (g con , f con ), with g con a metric of constant curvature K con and f con > 0 any constant function such that 1 f 2 con + K con > 0. A breakthrough came only very recently with [9] , in which explicit non-trivial 1-parameter families of rotationally symmetric Zoll magnetic systems on certain flat tori are constructed. The result in [9] can be thought of as the first evidence of the flexibility of magnetic flows which are Zoll at a given energy. However, the trivial examples are Zoll at every energy, that is, (g con , λf con ) is Zoll for every λ > 0 such that λ 2 f 2 con + K con > 0. Therefore, since magnetic flows strongly depend on the energy, it is natural to ask the following Question 1.3. Does the flexibility in [9] turn into rigidity, if one requires the magnetic flow to be Zoll at multiple energies?
In order to make the question more precise, we recall that if Σ has genus greater than or equal to 2, then the two-form f µ g is weakly-exact, that is, its lift to the universal cover is exact. We fix a primitive θ of the lift of f µ g and define the Mañé critical value of the universal cover as
where | · | denotes the dual norm on T * Σ induced by the lift of the metric g. It is well-known that c(g, f ) is always finite (see e.g. [6] ), and vanishes if and only if f ≡ 0. Now we set
We shall notice that c(g, f ) is well defined also for the two-torus, and for any surface if f µ g is exact. However, as we will see, for our purposes we can always assume that f µ g is not exact. As it turns out, in this case c(g, f ) is always infinite if Σ is a two-torus, and if Σ = S 2 we have that any primitive of f µ g | S 2 \{p} is unbounded. Therefore, if Σ is a two-sphere or a two-torus we set
Also, if Σ is a surface with genus at least two, then for every λ < h(g, f ) there exists a closed (g, λf )-geodesic in every non-trivial free homotopy class; see [32] . In particular, (g, λf ) cannot be Zoll for λ < h(g, f ). The main goal of this paper is to provide a positive answer to Question 1.3 in the following form.
Theorem 1.4. Let (g, f ) be a magnetic system on a surface with genus greater than or equal to one such that (g, λ n f ) is Zoll for some bi-infinite sequence {λ n } n∈Z with λ n ↓ h(g, f ) for n → −∞ and λ n ↑ +∞ for n → +∞. Then g has constant curvature and f is constant.
We now give an account on the strategy of the proof of Theorem 1.4 for the two-torus, which throughout the paper will be identified with the quotient T 2 of R 2 by the lattice Z × Z: 1 Taking fcon = Kcon = 0 for the two-torus yields the geodesic flow of the flat metric, and in particular all closed (gcon, fcon)geodesics are not contractible. A similar situation occurs for f 2 con +Kcon < 0 on higher genus surfaces, whereas for f 2 con +Kcon = 0 we retrieve the celebrated horocycle flow of Hedlund (cf. [26] ), and in particular no closed (gcon, fcon)-geodesics at all.
• The decreasing sequence λ n ↓ 0 yields that g is flat. This follows from the fact that closed noncontractible geodesics which globally minimize the length in their homotopy class cannot all disappear under magnetic perturbations, unless the metric is flat. This fact will be proved in Section 2. • Once we know that the metric is flat, we look at the magnetic systems (g flat , λ n f ) for n → +∞. In Section 3 we show that, if f is not constant, then for n sufficiently large we find both short and long closed (g flat , λ n f )-geodesics. The fact that (g flat , λ n f ) is Zoll then contradicts the dichotomy between short and long periodic orbits established in [12, Theorem 7.13 ].
The proof for higher genus surfaces is different and hinges on the relation between the helicity and the Mañé critical value c(g, f ) proved in [33] ; see the end of Section 3. Actually, in this case we only need the sequence λ n ↓ h(g, f ) to conclude rigidity; see Theroem 3.5. Therefore, we are prompted to ask the following Question 1.5. For Σ a two-torus, does Theorem 1.4 continue to hold if one only requires that (g, λ n f ) be Zoll for some decreasing sequence λ n ↓ 0? More generally, can one detect the precise threshold between rigidity and flexibility? Does this threshold depend on the topology of the surface?
In case of the two-sphere, a statement in the spirit of Theorem 1.4 turns out to be more difficult to prove, the main reason being that the space of Zoll metrics on the two-sphere is infinite dimensional [25] . Nevertheless, in Section 4 we prove some partial results in this direction: we show that the metric g must "generically" be Zoll and that genericity can be dropped if one considers only rotationally invariant magnetic systems. Further computations with rotationally invariant magnetic systems also support rigidity on S 2 which is why we make the following Conjecture (Z). Let (g, f ) be a magnetic system on S 2 such that (g, λf ) is Zoll for all λ > 0. Then g has constant curvature and f is constant.
In fact, after finishing this paper, we were able to confirm Conjecture (Z) for rotationally invariant magnetic systems of the form (g, f con ). The proof will appear in a forthcoming paper.
Let us also mention that Theorem 1.4 and Conjecture (Z) are related to two open problems about integrable dynamical systems on two-dimensional configuration spaces. The first one traces back to Birkhoff [18] and aims at determining all metrics on the two-torus with an integrable geodesic flow. Despite several partial results (see [16, 17, 31] and references therein), it is as of now not known whether there are metrics other than Liouville metrics which gives rise to integrable geodesic flows. The second problem concerns exact magnetic flows on the two-torus that admit a first integral on all energy levels: In [4] it is conjectured that such flows must be of a very particular type (cf. Example 1 in [4] ), and the conjecture is confirmed in the case of quadratic in momenta integrals.
Finally, in Section 5 we prove a result of independent interest on the persistence of possibly degenerate closed geodesics under magnetic perturbations which we can formulate roughly speaking as follows: Let g be a metric admitting a closed contractible geodesic which is a local minimizer of the length functional and is stable (namely, does not disappear after an arbitrarily small perturbation of the metric). Then such a closed geodesic will persist also under magnetic perturbations. One major issue we have to overcome in the proof of such a statement is that the dynamics of a magnetic systems arising as perturbation of a geodesic systems is in general drastically different from the geodesic dynamics, even if the perturbation is arbitrarily small. Also, we have to deal with critical sets which may have complicated topology (such as e.g. a Cantor set). Theorem 1.6. Let Σ be a closed orientable surface, and let (g, f ) be a magnetic system on Σ. Suppose that g possesses a contractible stable waist, that is, a closed geodesic that locally minimizes the free-period action functional A in (2.1). Then there exists Λ(g, f ) > 0 such that for all 0 < λ < Λ(g, f ) there exists a closed contractible (g, λf )-geodesic which locally minimizes the free-period Lagrangian action functional A λ in (2.2). Moreover, such closed (g, λf )-geodesics can be chosen to lie in a small neighborhood of a waist for g.
In fact, in our proof of Theorem 1.6 the contractibilty assumption is only used in the case of the two-torus.
Zoll magnetic systems on T 2 for small values of the parameter λ
In this section we want to derive conditions on the metric g for magnetic systems (g, f ) on T 2 such that (g, λf ) is Zoll for λ > 0 sufficiently small, or, equivalently, such that the corresponding magnetic flow is Zoll for sufficiently large energies. More precisely, we want to show that being Zoll for small values of λ implies that the metric is flat. As it turns out, we don't need to require that (g, λf ) is Zoll for all λ > 0 sufficiently small. Indeed, it is enough that (g, λ n f ) is Zoll for some sequence λ n ↓ 0. Proposition 2.1. Let (g, f ) be a magnetic system on T 2 such that (g, λ n f ) is Zoll for some sequence λ n ↓ 0. Then g is a flat metric.
Remark 2.2. The proof of Proposition 2.1 actually shows that there exists λ − = λ − (g, f ) > 0 such that if (g, λ 0 f ) is Zoll for some λ 0 ∈ (0, λ − ) then g is a flat metric. It would be interesting to see whether λ − can be chosen independently of the magnetic systems in a neighborhood of (g, f ), and more generally if after some normalization (such as e.g. Area(T 2 , g) = 1, f ∞ ≤ 1, ...) the same assertion holds from some constant λ − independent of the magnetic system. Proposition 2.1 is an immediate corollary of Proposition 2.3 below on the persistence of closed geodesics under magnetic perturbations, whose statement requires the introduction of some notation (for the details we refer e.g. to [1, 19] ). We recall that closed arc-length parametrized geodesics on (T 2 , g) one-to-one correspond to the critical points of the free-period Lagrangian action functional
meaning that γ : R/T Z → S 2 is an arc-length parametrized closed geodesic if and only if (Γ, T ) is a critical point of A, where Γ is given by Γ(s) := γ(T s). Here H 1 (T, T 2 ) denotes the space of one-periodic loops in T 2 of Sobolev-class H 1 , and it is well-known that its connected components are in bijection with elements (actually conjugacy classes) of π 1 (T 2 ). Hereafter we will identify a pair (Γ, τ ) with the corresponding curve γ, and write A(γ) instead of A(Γ, τ ) whenever more convenient. An analogous variational principle is available also for exact magnetic systems (i.e. when f µ g is exact) and allows us to detect closed (g, λf )-geodesics as critical points of a suitable action functional A λ , whose precise definition will be recalled in (2.2). For every homotopy class α ∈ π 1 (T 2 ) \ {0} we denote by K α = ∅ the compact set of global minimizers of A in the connected component of H 1 (T, T 2 ) × (0, +∞) determined by α, that is
We would like to stress that in general the set K α does not have more structure than a compact set (e.g. it could be a Cantor set). Proposition 2.3. Suppose that g is not a flat metric on T 2 , and let f : T 2 → R be any smooth function. Then there exist a homotopy class α ∈ π 1 (T 2 ) \ {0}, a bounded neighborhood U α of the set K α , and a constant Λ = Λ(g, f, U α ) > 0 such that for every 0 < λ < Λ there exists a closed (g, λf )-geodesic which is contained in U α and is a local minimizer of the functional A λ in (2.2).
Proof of Proposition 2.1. Suppose that g is not flat and set λ − = Λ(g, f, U α ), where α ∈ π 1 (T 2 ) \ {0} is given by Proposition 2.3. For n ∈ N such that λ n ∈ (0, λ − ) we thus find a closed non-contractible (g, λ n f )-geodesic, in contradiction with the fact that all (g, λ n f )-geodesics must be contractible, see Remark 1.2.
Before proceeding with the proof, we would like to make two comments on Proposition 2.3. First, to establish if closed geodesics are stable under magnetic perturbations is a very natural question which has been already investigated in the past decades. Following [23] we see that, while on the one hand a nondegenerate closed geodesic always "survives" when switching on a magnetic field, on the other hand the example of a flat torus with induced area form shows that we must impose some kind of condition on the closed geodesic for it not to disappear. Therefore, Proposition 2.3 can be seen as a first step towards the study of the stability of degenerate closed geodesics under magnetic perturbations. Another instance of this persistence will be discussed in Section 4.
Second, we would like to stress that in Proposition 2.3 we do not require the magnetic function f to have vanishing integral over T 2 , or, equivalently, the two-form f µ g to be exact. Hence, in general, for the Mañé critical value of the universal cover defined in (1.2) we have c(g, 0) = 0, c(g, λf ) = +∞ ∀ λ > 0, or, equivalently, for the constant h(g, f ) defined in (1.3)
This can be rephrased by saying that the magnetic perturbation is not small even if λ is (arbitrary) small.
Proof of Proposition 2.3. We first assume that the image of K α under the evaluation map ev :
is a proper compact subset of T 2 for some α ∈ π 1 (T 2 ) \ {0}. Clearly, under this assumption we can find a bounded neighborhood
Thus, we have f µ g | U = dθ for some bounded one-form θ ∈ Ω 1 (U ). According to [19] closed (g, λf )-geodesics with image contained in U correspond to critical points of the free-period Lagrangian action functional
At the same time, since A satisfies the Palais-Smale condition on the connected components of
where A(K α ) denotes the action of any element in K α (see e.g. [3, Lemma 3.1] for the proof). We now show that, if λ > 0 is sufficiently small, then
From the fact that A λ satisfies the Palais-Smale condition on bounded subsets of H 1 (T, S 2 ) × (0, +∞) we therefore deduce that for such values of λ there exists a closed (g, λf )-geodesic which is contained in U α and is a global minimizer of A λ in U α , thus completing the proof.
To prove (2.3) we preliminarly compute using θ q (v) = X q , v and the Cauchy-Schwarz inequality
and (2.3) follows taking the infimum over γ ∈ ∂U α and the supremum over γ α ∈ K α . Thus, we are left to consider the case in which each set K α is mapped surjectively onto T 2 by the evaluation map ev. In this case we will show that the metric g must be flat, in contradiction with the assumption.
We preliminarly observe that the same proof as above allows us to find closed (g, λf )-geodesics close to any "isolated" γ α ∈ K α . Here by isolated we mean that γ α is a strict local (actually global) minimizer of A, that is, there exists a neighborhood U of the critical circle T · γ α :
Therefore, we can further assume that all γ α ∈ K α are non-isolated. We claim that, under this assumption, for any α ∈ π 1 (T 2 ) \ {0} the set K α yields a simple foliation of T 2 by closed geodesics. Observe that this immediately implies that the metric is flat by a theorem of Innami [27] (see also [11] ).
To prove the last assertion we show that two elements γ α , ν α ∈ K α that are not the same geometric curve must have disjoint image. Thus, let us suppose that ν α , γ α ∈ K α intersect transversally, and denote with ρ α , τ α their periods. Then, we can find liftsν α ,γ α :
Observe thatν α ,γ α are embedded. Also, since ν α and γ α belong to the same homotopy class, up to shifting the base point ofν α we can suppose that there exist 0 ≤ s 1 < s 2 < ρ α and 0 ≤ t 1 < t 2 < τ α such that
We now define the piecewise smooth curves
By construction,η 1 andη 2 project to closed curves η 1 and η 2 on T 2 in the homotopy class α that satisfy
It follows that at least one of them, say η 1 , has action less or equal to A(γ α ). Therefore, η 1 is a closed geodesic (for it is a global minimizer of A in the homotopy class α), hence in particular smooth, a contradiction.
Using this we readily see that a non-isolated γ α must be:
the m-th iterate of some γ β ∈ K β , if α = m · β for some n ∈ N and some primitive class β ∈ π 1 (T 2 ). Indeed, if γ α had a transversal self-intersection, then the image of elements in K α sufficiently close to γ α would not be disjoint from the image of γ α . It is now straightforward to see that under our assumptions the set K α yields a simple foliation of T 2 by geodesics if α is a primitive class in π 1 (T 2 ) and an m-fold foliation by geodesics for some m ∈ N otherwise. This completes the proof.
Zoll magnetic systems on flat tori for large values of λ
Let (g, f ) be a magnetic system on Σ = T 2 as in the statement of Theorem 1.4. In virtue of Proposition 2.1 we can assume that g = g flat is a flat metric. In this section, by looking at large values of λ, we show that the magnetic function f must be constant as well, thus completing the proof of Theorem 1.4 in the case
The theorem is an immediate corollary of Proposition 2.1 combined with the following
Then f is constant.
Remark 3.2. As for Proposition 2.1, we can improve the statement of Proposition 3.1 by saying that there
, then f must be a constant function. Also here it would be very interesting to see if -after normalization -the constant λ + can be chosen independently of the magnetic system.
The idea of the proof is that for λ > 0 large enough we always find short periodic (g flat , λf )-geodesics, and if f is not constant also long ones (close to a regular level of f ). The fact that (g flat , λf ) is Zoll then contradicts the dichotomy between long and short periodic orbits established in [12, Theorem 7.13] . We shall notice that [12, Theorem 7.13] deals only with magnetic systems on the two-sphere; however, the proof is based on an argument of Bangert [10] which works for flows converging to a free S 1 -action, and hence extends e.g. to all magnetic systems on closed surfaces.
Theorem. [12, Theorem 7.13] Let (g, f ) be a magnetic system on Σ, with f > 0. For every > 0 and n ∈ N there is Λ = Λ( , n) ∈ (0, +∞) such that for every λ ∈ (Λ, +∞) a periodic prime (g, λf )-geodesic is either a simple curve with length in ( 2π− λ max f , 2π+ λ min f ), or has at least n self-intersections and length larger than 1 λ . In order to apply this theorem we need some preliminary results on the properties of magnetic trajectories in R 2 for sufficiently small energies. Such properties are certainly well-known to the experts (see the discussion at the end of the section), however for the reader's convenience we include them here. Proof. The claim follows immediately from the fact that over the interior of supp(f ) the magnetic flow C ∞ loc -converges to rotations in the fibers; see [30] .
Lemma 3.4. Let (g flat , f ) be a magnetic pair on R 2 and let q ∈ R 2 be a regular point of f . Then for sufficiently large λ there is a (g flat , λf )-geodesic starting at q which has self-intersections.
Proof. Suppose that the level set {f = e} q is tangential to the x-axis at q and that the gradient of f at q points in the positive y-direction. We look at (g flat , λf )-geodesics starting at q in the negative y-direction.
For sufficiently large λ the trajectory q(t) schematically looks as the solid curve in Figure 1 . For given ε > 0 we choose δ > 0 such that
Let t 1 and t 2 be the first and second time at which q(t) hits the x-axis. By the proof of Lemma 3.3 there exists some c > 1 such that for all sufficiently large λ the segment q| [0,t2] is contained in a ball with radius r λ = c/(eλ) around q. We can suppose that this ball is contained in B q (δ) by choosing λ large enough. In order to prove that q(t) is not embedded, it suffices to show that the "drift" ∆x depicted in Figure 1 is positive for λ large enough. A curvature comparison shows that the segments q| [0,t1] and q| [t1,t2] of q(t) lie completely below the dashed lines in Figure 1 which are specified as follows: the dashed line above the x-axis is a circular arc with radius r 2 := 1 λe − εr λ starting at q(t 1 ) tangentially to q(t). The dashed line below the x-axis is tangential to q(t) at q(0) and consists of three circular arcs of radii respectively, which meet tangentially on the horizontal line specified by y = 2(λe + εr λ ). Here we have set L = D q f . We compute
for some constant c > 0. We need to show that there exists some ε > 0 and a sufficiently large λ such that ∆(ε, λ) > 0. Since |∂ ε λ 2 ∆(ε, λ)| is bounded from above on (ε, λ) ∈ (0, 1] × [1, ∞), it suffices to show that lim inf λ→∞ λ 2 ∆(0, λ) > 0. This is indeed the case, for
.
Before proving Proposition 3.1 we shall recall that on T 2 the action functional A λ is well-defined over the space of contractible loops even if f µ g is not exact. Indeed, one can replace the integral of θ along a contractible loop γ by the integral of f µ g over a capping disk for γ, and the resulting functional will not depend on the choice of the capping disk since T 2 is aspherical. Moreover, for any Zoll magnetic system (g, f ) the value of the functional A λ is constant on the set of prime closed (g, f )-geodesics; this latter fact follows e.g. from the magnetic systolic-diastolic inequality in [14] .
Proof of Proposition 3.1. We claim that f ≥ 0. Indeed, first by [14, Proposition 1.3] we can assume that the integral of f over T 2 is positive. Now, if f ≥ 0 does not hold, then f µ g flat is oscillating in the sense of [8] .
In particular, by [8, Theorem 4.1] for sufficiently large λ there exists a periodic (g flat , λf )-geodesic γ which is a local minimizer of the action functional A λ . Another periodic magnetic geodesic ν starting at γ(0) with initial velocity close toγ(0) has to intersect γ a second time. Now, since in the Zoll case the functional A λ is constant on the set of all prime magnetic geodesics, the same line of arguments as in the end of the proof of Proposition 2.3 applied to γ and ν and using the functional A λ instead of A yields a contradiction.
We first consider the case f > 0. We choose > 0 so small that
and set Λ := Λ( , 1) > 0 as in [12, Theorem 7.13] . Following [22] , up to enlarging Λ if necessary we find for all λ > Λ one 2 embedded closed (g flat , λf )-geodesic γ λ s which is short, meaning that its length satisfies
On the other hand, if f is not constant, then by Lemma 3.4 up to enlarging Λ further we also find for all λ > Λ a (g flat , λf )-geodesic γ λ l which has self-intersections. We set λ + := Λ and take n ∈ N such that λ n > λ + . Then, the (g flat , λ n f )-geodesic γ λn l with self-intersections is necessarily closed and hence by [12, Theorem 7 .13] long, meaning that
We denote by (q s , v s ), (q l , v l ) the initial conditions of the closed (g flat , λ n f )-geodesics γ λn s , γ λn l respectively, and consider a path r → (q(r), v(r)) in ST 2 connecting (q s , v s ) to (q l , v l ). Since the period (and hence the length) of closed (g, λ n f )-geodesics varies smoothly, by the intermediate value theorem we find r 0 ∈ (0, 1) such that the length of the closed (g, λ n f )-geodesic γ λn i with initial conditions (q(r 0 ), v(r 0 )) satisfies
thus contradicting [12, Theorem 7.13] .
The case f ≥ 0 is more delicate since [12, Theorem 7.13] cannot be applied directly. Our strategy is to show that the problem can be reduced to the case f > 0 by suitably modifying the magnetic function. Suppose that f ≥ 0 is not constant and fix three regular energy values 0 < e 0 < e 1 < e 2 < max f . Without loss of generality we can suppose that the superlevel sets {f ≥ e i } are connected, i = 0, 1, 2. Using a cut-off function we constructf such that
We fix > 0 such that (3.2) holds with f replaced byf and choosē ∈ 2π + e 0 , 1 .
We also let Λ > 0 be such that, for all λ > Λ, closed (g flat , λf )-geodesics are either embedded and short (in the sense above) or long and have self-intersections. Up to enlarging Λ we find for all λ > Λ at least two short embedded closed (g flat , λf )-geodesics, one of which is also a short (g flat , λf )-geodesic (namely, the one that is close to the S 1 -fiber over a maximum point off ). We denote such a short periodic orbit with γ λ s and recall that
At the same time, by Lemmas 3.3 and 3.4 applied to a neighborhood U ⊂ {f > e 1 } of the compact set K = {f ≥ e 2 }, up to enlarging Λ further we can assume that for all λ > Λ there is a (g flat , λf )-geodesic γ λ l starting at f −1 (e 2 ) which does not close up until time¯ /λ, and that all (g flat , λf )-geodesics starting in K stay in U up to time¯ /Λ. We set λ + := Λ and take n ∈ N such that λ n > λ + . In particular, the (g flat , λ n f )-geodesic γ λn l is closed and has length larger than¯ /λ n . Let now (q s , v s ), (q l , v l ) be the initial conditions of γ λn s and γ λn l , respectively, and let r → (q(r), v(r)) be a path in SΣ from (q s , v s ) to (q l , v l ) such that q(·) is entirely contained in {f ≥ e 2 }. Since the period of closed (g, λ n f )-geodesics varies smoothly, by the intermediate value theorem we find r 0 ∈ (0, 1) such that the corresponding closed (g, λ n f )-geodesic γ λn i has length¯ /λ n , and in particular is completely contained in {f ≥ e 1 }. This shows that γ λn i is also a closed (g, λ nf )-geodesic, thus contradicting [12, Theorem 7.13]. Lemma 3.4 can also be deduced from Corollary 1.4 in [34] , in which low energy magnetic dynamics in R 2 under a non-constant magnetic field is described in terms of a fast rotating motion and a slow drift along the level sets of the magnetic function. Let us mention that Proposition 3.1 extends with the same proof to magnetic systems (g, f ) where g is any metric of constant curvature. For an arbitrary system (g, f ) an analogue of Proposition 3.1, and therewith a step towards Conjecture (Z), would require to unscramble the influences of an inhomogeneous magnetic field and an inhomogeneous metric on the drift motion. We intend to investigate this in future work.
We now prove Theorem 1.4 for higher genus surface. Actually, we will prove the following stronger Theorem 3.5. Let (g, f ) be a magnetic system on a surface with genus at least two such that (g, λ n ) is Zoll for some sequence λ n ↓ h(g, f ). Then g has constant curvature and f is a constant function.
Proof. Recall that the helicity H(g, λf ) of (g, λf ) vanishes if and only if λ = λ g,f , where
Here A is the total area of (Σ, g), and [f ] := Σ f µ g is the total integral of f µ g . For our purposes we don't need to recall the definition of helicity; all we need to know is that, by Lemma 2.12 in [14] the helicity H(g, λf ) is related to the average magnetic curvature K λf := λ 2 [f ] 2 + 2πχ(Σ)A −1 by the formula
hence in particular the function λ → H(g, λf ) is strictly monotonically decreasing. Moreover, λ g,f and h(g, f ) are related by the inequality h(g, f ) ≤ λ g,f , with equality if and only if g has constant curvature and f is a constant function (for the details see [33] and references therein). Therefore, what we have to show is that our assumption implies that λ g,f = h(g, f ). Since (g, λ n f ) is Zoll, Corollary 2.13 in [14] implies that K λnf > 0. Thus,
By the monotonicity of λ → H(g, λf ) we deduce that H(g, λf ) < 0 for every λ > h(g, f ), and this implies that h(g, f ) ≥ λ g,f , thus completing the proof.
On Conjecture (Z) for Σ = S 2
The goal of this section is to prove some partial results about Conjecture (Z) on Σ = S 2 . In particular, we prove that if (g, f ) on S 2 is such that (g, λf ) is Zoll for λ sufficiently small then g must "generically" be Zoll, and that genericity can be dropped when restricting to rotationally invariant magnetic systems.
Proposition 4.1. Let (g, f ) be a magnetic system on S 2 such that (g, λ n f ) is Zoll for some sequence λ n ↓ 0. Then g must "generically" be Zoll.
In order to explain the sentence "g must generically be Zoll" we reformulate Proposition 4.1 as follows: if the metric g possesses a non-degenerate closed geodesic (which is well-known to be a generic property) then there exists some λ − = λ − (g, f ) > 0 such that for all λ < λ − the magnetic system (g, λf ) cannot be Zoll.
Thus, let (g, f ) be a fixed magnetic system such that (g, λ n f ) is Zoll for some sequence λ n ↓ 0. We set
f µ g to be the average of f . Clearly, we can suppose [f ] ≥ 0. For every n ∈ N and every m ∈ N 0 we define E m n := (prime) closed (g, λ n f )-geodesics with precisely m self-intersections ,
In particular, E 0 n is the set of embedded closed (g, λ n f )-geodesics. Here self-intersections are counted with multiplicity, meaning that, if there are more than two branches of the (g, λ n f )-geodesic γ intersecting transversally at a point, then we slightly perturb γ so that the resulting curve has only simple transversal intersections and define the multiplicity of the original intersection point as the minimal number of simple self-intersections arising after perturbation. Notice that, unlike geodesics, (g, λ n f )-geodesics might have self-tangencies; each self-tangency should count one in the total multiplicity.
The first step towards the proof of Proposition 4.1 is to show that it is possible to find an upper bound on the length of (closed) (g, λ n f )-geodesics which depends only on the number of self-intersections. This property holds certainly true for general magnetic systems (i.e. independently of the fact that the system be Zoll or not), but we don't need it here in its full generality. Proof. By the systolic inequality for magnetic systems close to a Zoll one (see [14] ) we have that, for every n ∈ N and for every (closed) (g, λ n f )-geodesic γ,
where g (γ) denotes the length of γ and C γ : D 2 → S 2 is any admissible capping disk for γ. Since for any γ ∈ E 0 n the admissible capping disk can be chosen to be embedded, we obtain for all n ≥ n 0
For m ∈ N the proof goes along the same lines, but employs a finer estimate of the second integral. For that we need to recall the definition of admissible capping disks from [14] . For a Zoll magnetic system (g,f ) the tangential lift (γ,γ) of a (closed) (g,f )-geodesic is freely homotopic to the fibre of the unit tangent bundle; therefore, we can find a homotopy Γ between the fibre and (γ,γ). Admissible capping disks arise now by projecting such homotopies to S 2 under the bundle projection. It can be shown that
does not depend on the choice of the homotopy (hence, on the admissible capping disk). Let now γ ∈ E m n , and let (γ,γ) be its tangential lift. Up to an arbitrary small perturbation we can assume that all self-intersections of γ are simple and that there are no self-tangencies (this perturbation will change the value of the integral in (4.1) by a small constant, and hence it is for all estimates not relevant). Since the tangential lift of γ is freely homotopic to the fibre, we can find t 1 > t 0 such that q := γ(t 0 ) = γ(t 1 ),γ(t 0 ) = ±γ(t 1 ), and γ 0 := γ| [t0,t1] is an embedding (in particular, γ 0 has turning number ±1 in S 2 \ {p}, for some p ∈ S 2 ). We fix > 0 small and pick a homotopy h from (γ := γ| [t0− ,t1+ ] ,γ ) to (ν ,ν ) that fixes q and (a neighborhood of) the endpoints of γ , such that ν is (again) an embedding outside q with parallel tangent vectors at q. This homotopy will clearly add some bounded quantity to the value of the integral in (4.1). Now we can homotope the tangential lift of the part of ν that starts from and ends in q with the fibre in SS 2 . This yields a contribution to the integral in (4.1) which is given by the area of the disk bounded by the considered part of ν and hence is in absolute value smaller than λ n f ∞ Area(S 2 , g) (see Figure 2 ). Therefore, up to the constants arising after perturbation we have that
where γ 1 is the smooth loop given by the concatenation of γ| [0,1]\[t0− ,t1+ ] with the remaining portion of ν . By construction γ 1 has one self-intersection less than γ. Repeating the same procedure recursively we obtain a homotopy from (γ,γ) to some j-th iterate of the fibre, j ≤ m, and then we still have to homotope the "iterated fibre" to the simple fibre. The first procedure will contribute (up to constants) to the integral with at most m-times λ n f ∞ Area(S 2 , g), whereas the last homotopy yields at most another j-times λ n f ∞ Area(S 2 , g).
Combining all these estimates we obtain that
Using the bound given by Lemma 4.2 we show now that we can generalize to the magnetic setting the following fact for Riemannian metrics on S 2 all of whose geodesics are closed: the set of embedded closed geodesics of a Riemannian metric on S 2 all of whose geodesics are closed is open and close. Notice that this is one main ingredient in the proof of Berger's conjecture for S 2 ; see [24] . Proof. Fix m ∈ N 0 and denote by g T S 2 the Sasaki metric on T S 2 . For all T > 0 there exists δ = δ(T ) > 0 such that
where φ t g denotes the geodesic flow. By Lemma 4.2, we can find c = c(m) > 0 such that, for every n ∈ N, every γ ∈ E m n has length (hence period) less than c. Since (g, λ n f )-geodesics C ∞ loc -converge to geodesics for λ → 0, we find n 0 = n 0 (m) ∈ N such that for all n ≥ n 0
where φ t g,λnf denotes the flow on SS 2 induced by the magnetic system (g, λ n f ) via (1.1). Therefore, for all t ∈ [0, c], all (q, v) ∈ SS 2 , and all n ≥ n 0 , we obtain
that is, (g, λ n f )-geodesics cannot have self-tangencies before time c. Hence, in particular elements in E m n cannot have self-tangencies for all n ≥ n 0 . This implies that E m n is open and closed for every n ≥ n 0 . Indeed, openness follows immediately from the fact that any sequence of (g, λ n f )-geodesics which is C ∞ loc -converging to γ ∈ E m n is actually C ∞ -converging to γ (the periods vary smoothly for a Zoll magnetic system) combined with the fact that having m transversal self-intersecions is a C 1 -open condition. On the other hand, the limit γ of a sequence {γ } ⊂ E m n cannot have more self-intersections that any of the γ 's, and since (g, λ n f ) is Zoll we also have that γ cannot have less self-intersections than any of the γ 's (since γ cannot have self-tangencies, the number of self-intersections can only jump if there is a jump in the periods). a) Let m ∈ N 0 be fixed. If for some n ≥ n 0 , where n 0 is given by Lemma 4.3, we have that E m n = ∅, then all (g, λ n f )-geodesics have precisely m (transversal) self-intersections. b) If E m k n k = ∅ for some sequence n k → +∞ and some bounded sequence m k then g is Zoll.
Proof. The first assertion is clear. Suppose now that there is a non-closed geodesic t → φ t g (q, v). Then from the C ∞ loc -convergence of (g, λ n f )-geodesics to geodesics for n → +∞ we deduce
thus contradicting the assumption. Therefore, every geodesic in (S 2 , g) is closed, and hence g is Zoll.
Proof of Proposition 4.1. Suppose that (g, f ) is such that (g, λ n f ) is Zoll for some sequence λ n ↓ 0, and that g has a non-degenerate closed geodesic γ (in particular g is not Zoll). Then, following [23] we find for all n large enough a closed (g, λ n f )-geodesic in a neighborhood of γ, which will therefore have the same number of self-intersections as γ. By Corollary 4.4, this implies that g is Zoll, a contradiction.
We believe that Proposition 4.1 holds also non generically. Indeed, Lemmas 4.2 and 4.3 do not require any non-degeneracy assumption, and in order to apply Corollary 4.4 we only need the existence of a closed geodesic which persists under magnetic perturbations. However, to our best knowledge nothing like Ginzburg's result [23] is known for degenerate closed geodesics. Therefore, in order to extend Proposition 4.1 one has either to use other methods or to first better understand how degenerate closed geodesics behave under magnetic perturbations, which is in any case a problem of independent interest.
We finish this section showing that Proposition 4.1 can be improved in the rotationally symmetric setting by dropping the genericity assumption. In the statement of the next lemma we denote with (θ, ϕ) ∈ (0, π)×R spherical coordinates on S 2 . Lemma 4.5. Let (g, f ) be a rotationally symmetric magnetic system on S 2 such that (g, λ n f ) is Zoll for some sequence λ n → 0. Then g is a Zoll metric of revolution.
Proof. It is well-known (cf. [12, Section 5] ) that rotationally invariant magnetic systems admit a first integral I whose critical points correspond to latitudes, that is, periodic orbits with constant θ-coordinate. Since I has at least two critical points, this yields the existence of at least two embedded periodic orbits; see [12, Proposition 5.9 ]. The claim follows now from Corollary 4.4.
Persistence of stable waists.
We recall that a waist for a Riemannian metric g on S 2 is a closed geodesic which is a local minimizer of the length, or, equivalently, of the free period action functional A given by (2.1). We call a waist γ = (Γ, T ) stable if there exists a bounded neighborhood U ⊂ H 1 (T, S 2 ) × (0, +∞) of the critical circle S 1 · γ such that inf U A = A(γ), and inf ∂U A > A(γ).
(5.1)
Theorem 5.1. Let g be a metric on S 2 possessing a stable waist. Then for every magnetic function f there exists Λ = Λ(g, f ) > 0 such that for every λ ∈ (0, Λ) the magnetic pair (g, λf ) has a closed magnetic geodesic γ λ which is a local minimizer of the free-period action functional A λ given by (2.2).
Combining Theorem 5.1 with either Corollary 4.4 or the argument in the first paragraph of the proof of Proposition 3.1 we can confirm the validity of Conjecture (Z) in case of metrics on S 2 admitting a stable waist.
Corollary 5.2. Let (g, f ) be a magnetic system on S 2 , where g is a metric possessing a stable waist. Then there exists λ > 0 such that (g, λf ) is not Zoll.
Notice that a non-stable waist might disappear after an arbitrarily small perturbation of the metric. Take for instance a smooth sphere of revolution in R 3 with profile function ϕ : [−1, 1] → (0, 1] such that ϕ ≡ 1 on (− , ) for some > 0. The closed geodesics given by parallels {z = t}, t ∈ (− , ), are indeed waists, but we can find arbitrarily small perturbations χ of ϕ such that ϕ + χ has a unique maximum at 0 and no other critical points. The corresponding surface of revolution has no waists, and the closed geodesic given by {z = 0} is of mountain pass type. Therefore, an analogue of Theorem 5.1 for such waists is hopeless.
In case the stable waist in Theorem 5.1 is strict (isolated in the language of Section 2) the proof is identical to the proof of Proposition 2.3 and will be omitted. Therefore, hereafter we can assume that all stable waists are non-isolated. We choose such a non-isolated stable waist γ and fix a neighborhood U of S 1 · γ satisfying (5.1). The main difficulty that we have to face here is given by the fact that, unlike in Proposition 2.3, we cannot expect the compact set K U := {ν ∈ U | A(ν) = A(γ)} to be mapped into a proper compact subset of S 2 by the evaluation map, for local minimizers which are not global need not have disjoint image. Observe that the compactness of K U follows from (5.1) combined with the fact that A satisfies the Palais-Smale condition.
In fact, the key part of the proof of Theorem 5.1 is to show that we can find a possibly smaller neighborhood V ⊂ U of S 1 · γ such that (5.1) still holds and such that the closure of ev(V) is a proper subset of S 2 . Once this is done, the proof becomes identical to the one in the isolated case. As a first step we show that γ is embedded, and that all ν ∈ K U which are sufficiently close to γ must have pairwise disjoint image. For the next lemma we actually do not even need that γ is stable. Lemma 5.3. Let γ be a non-strict local minimizer of A, and let U be a neighborhood of S 1 · γ as in (5.1). Then there exists a neighborhood W γ ⊂ U of S 1 · γ such that all γ 1 = γ 2 ∈ K U ∩ W γ have disjoint image unless they belong to the same critical circle. In particular, every non-strict local minimizer must be embedded.
Proof. We first show that if {γ n } ⊂ K U is a sequence such that γ n → γ in H 1 (and hence in C ∞ ) then eventually γ n and γ must have disjoint images unless they belong to the same critical circle. Indeed, suppose by contradiction that (up to taking a subsequence) γ n and γ intersect transversally for every n ∈ N. Since the image of γ n is contained in an annular region around the image of γ, we have that γ n and γ must intersect at least twice (even though the intersection point might be unique, as one easily sees by taking two figure eight curves in the plane intersecting at zero). Thus we can find t n 0 < t n 1 and s n 0 < s n 1 such that γ(t n 0 ) = γ n (s n 0 ), γ(t n 1 ) = γ n (s n 1 ) and define the curves η n,1 := γ| [t n
. Now the same line of arguments as in the end of the proof of Proposition 2.3 yields a contradiction. Now suppose that we can find sequences {γ n } and {γ n } in K U that converge to γ and such that γ n and γ n intersect for every n ∈ N. By the Jordan curve theorem γ n and γ n must intersect at least twice. Arguing as above, we see that γ n and γ n are eventually the same geometric curve.
In particular, the evaluation map maps W γ to a proper subset of Σ. However, Lemma 5.3 is not quite enough to complete the proof of Theorem 5.1 since it is a priori not clear that the infimum of A over ∂W γ is strictly larger than A(γ). Recall indeed that all elements in K U are non-isolated; for the same reason, we see that it does not make much sense to replace K U with the connected component of γ in K U . We will overcome this difficulty proving an analogue of Lemma 5.3 for a suitable subset of K U which can be seen as a generalized connected component of γ in K U , and which we now define.
Lemma 5.3 implies that for all ν ∈ K U we find a neighborhood W ν such that every γ 1 , γ 2 ∈ W ν ∩ K U either have disjoint image or they are the same geometric curve. Since {W ν | ν ∈ K U } is an open covering of K U and K U is compact, we can find ν 1 , ..., ν ∈ K U such that
By Lebesgue's number lemma we see now that there exists ρ > 0 such that, for all ν ∈ K U , every two γ 1 , γ 2 ∈ B ρ (S 1 · ν) ∩ K U either have disjoint image or are the same geometric curve. Proof. We first observe that the C ∞ -dependence of geodesics on the initial conditions, combined with the fact that K U is compact, yields that there exists C > 0 such that the following holds for all γ 1 , γ 2 ∈ K U : dist g T S 2 ((γ 1 (0),γ 1 (0)), ((γ 2 (0),γ 2 (0)) < ⇒ dist H 1 (γ 1 , γ 2 ) < C .
(5.2) Choose now δ < ρ and let ν ∈ K δ (γ). Our aim is to show that ν and γ have disjoint image if they are not the same geometric curve. Thus, suppose that ν(·) ∩ γ(·) = ∅, and let M ∈ N and {η i } M i=1 be a sequence as in Definition 5.4. By construction, η i and η i+1 have disjoint image for every i = 0, ..., M − 1. We now consider a subfamily {η j , ..., η j+ } of {η i } which is minimal among the subfamilies (of the same form) that satisfy the following properties: i) η j and η j+ intersect. ii) η j+r and η j+s have disjoint image for all r < s with r = 1 and s = .
Let η j (0) = η j+ (t) be an intersection point. Since η j+ and η j+1 have disjoint image, we deduce that dist g T S 2 ((η j (0),η j (0)), ((η j+ (t),η j+ (t)) < for some > 0 which, by compactness of K U , only depends on δ and goes to zero as δ ↓ 0. Then, by (5.2) dist H 1 (η j , η j+ ) < C , and hence η j and η j+ are the same geometric curve, provided we chose δ < ρ so small that C < ρ. Therefore, the subfamily {η j , ..., η j+ } can be removed from {η i }. Applying this procedure recursively we obtain that γ and ν are the same geometric curve.
Lemma 5.6. For δ > 0 as in Lemma 5.5 we can find a bounded neighborhood V ⊂ U of S 1 · γ such that inf ∂V A > A(γ), and K V := K U ∩ V = K δ (γ).
Proof. Observe preliminarly that, if ν ∈ K U is not δ-connected to γ, then every µ ∈ B αν (ν) ∩ K U is not δ-connected to γ, where δ ≤ α ν := inf M ∈N inf η0,...,η M dist(η M , ν), and {η i } i=0,...,M is any sequence with γ = η 0 and η i+1 ∈ B δ (S 1 · η i ) \ S 1 · η i for all i. For ν ∈ K U we consider B αν (ν) if ν is not δ-connected with γ, and B δ (ν) otherwise. By compactness of K U we find µ 1 , ..., µ ∈ K U which are not δ-connected with γ and µ +1 , ..., µ +r ∈ K U which are δ-connected with γ such that
For the sake of simplicity we assume that all balls are entirely contained in U (otherwise we can work with the intersection of the balls with U). Notice that any µ which lies in
is δ-connected to γ, that is, elements in K U which are on the boundary of some B αµ i (µ i ) but not in the interior of some other B αµ j (µ j ) are necessarily δ-connected with γ.
If K U = ∅ then we take as V the connected component of U \ ∪ i=1 B αµ i (µ i ) that contains γ. Otherwise, for every µ ∈ K U we consider the open ball B δ/2 (µ). Again by compactness we can find finitely many λ 1 , ..., λ s ∈ K U such that
We now observe that by construction
cannot contain elements of K U . Therefore, for
we have inf ∂A A > A(γ). The assertion follows now taking the component V of U \ A that contains γ.
Proof of Theorem 5.1. Let V be a neighborhood of the non-isolated stable waist γ as in Lemma 5.6. Then, since the image of any ν ∈ K V = K δ (γ) \ S 1 · γ is entirely contained in one of the two disks in which S 2 is divided by γ, and since all geodesics in K V have the same length, Lemma 5.5 implies that K V is mapped by the evaluation map into a subset of S 2 with proper closure, and hence up to shrinking V further we also have that the closure of the image of V under the evaluation map is a proper subset of S 2 .
Repeating the proof above word by word we obtain the following result on the persistence of contractible stable waists on arbitrary closed surfaces.
Theorem 5.7. Let g be a metric on a closed surface Σ possessing a contractible stable waist. Then for every magnetic function f there exists Λ = Λ(g, f ) > 0 such that for every λ ∈ (0, Λ) the magnetic pair (g, λf ) has a contractible closed (g, λf )-geodesic γ λ which is a local minimizer of the functional A λ in (2.2).
It would be very interesting to see whether analogues of Theorem 5.7 and Proposition 2.3 hold for higher dimensional manifolds, in particular for those whose fundamental group is ameanable, as in this case the Mañé critical value c(g, f ) is infinite whenever the magnetic function does not integrate to zero [32] .
